ABSTRACT. We give a characterization of univalent positively oriented harmonic mappings/ defined on an exterior neighbourhood of the closed unit disk { z : | z\ < 1} such that lim i^^ j f(z) = 0.
1. Introduction. Let K be a compact continuum of the complex plane C such that C \ K is simply connected. Denote by D a domain of C containing K. We shall call D\K = V e (K) an exterior neighbourhood of K.
Suppose that/ = u+iv is a univalent (one-to-one) harmonic (A/ = 0) mapping defined on V e (K) . Then/ is either orientation preserving or orientation reversing on V e (K) . With no loss of generality we may assume that the first case holds, since if not, replace/(z) by f(z). This yields to the fact that the function The fact that/ is univalent and orientation preserving on V e (K) implies that 0 ^f z {Ve{K)\ [1] , and that the Jacobian determinant J = \f z \ 2 -|/ f | 2 > 0 on V e (K). Moreover,/ and fi are analytic on V e (K) [3] . Hence,/ is locally quasiconformal and pseudoanalytic of the second kind (in the sense of L. Bers [1] ) on V e (K) . But contrary to the case of quasiconformal mappings it is possible that lim Z^K f(z) = 0. For instance, the harmonic zeVe(K) function (1.1) /(z) = z-3+2Aln|z|, |A| < 1, maps the complement C\U of the unit disk U one-to-one onto C \ { 0} (see [4] ). Let x be the conformai univalent mapping from C\K onto C\U normalized by X(z) = az + O(l), a > 0 in a neighbourhood of infinity. Then/ o x is univalent, harmonic and orientation preserving on an exterior neighbourhood V e (0) of D. Therefore, we may restrict our attention to the case K = Û and V e (0) -VR = {z : 1 < \z\ < R} for some R > 1.
The following notion will be used often. DEFINITION . We say that a harmonic mapping is positively oriented on an exterior neighbourhood VR of dU iff is orientation-preserving and Jy dargf > 0 on any simply closed curve 7 in VR winding in the positive sense around the origin. REMARK . A positively oriented harmonic mapping on VR is orientation-preserving. But the converse does not hold as the example /(*)= -, K \z\ <2 z shows.
As in the case of analytic functions, we say that/ is harmonic on a set E iff is harmonic on open neighbourhood of E.
The purpose of this paper is to characterize univalent, positively oriented harmonic mappings/ defined on an exterior neighbourhood VR (R is not prescribed) of Û such that (1.2) lim/(z) = 0. 
Observe that we allow that \d\ -1 but that |c| has to be strictly less than one. Put
Then h and g belong to H(C \ { 0} ) and we have the following properties: 
where A G //(£ < |z| < /?). A second version of our main result, Theorem 3.2, states the following: The mapping (1.7) is univalent and positively oriented in V R for some R > 1 if and only if ( 1.4), ( 1.5) and (1.6) hold in V^ for some R > 1, where i/j (z) = zf z (z) = zh'{z) + A.
The property (1.5) can be replaced by the following condition (Remark 3.5):
(1.8) ip has at most one zero on dU, which is of order one.
Furthermore, (Lemma 2.5), the statement (1.6) can be replaced by the condition (1.9) / </argt/> = 1, p E(l,#)and Rep(z)>k> 0 on V^ or by
The functions which appear in our considerations are closely related to the Carathéodory class
which has been studied by several authors (e.g.) [5] , [6] , [7] . The class S* of starlike functions defined by the relation: was considered in [2] and in [7] .
In order to simplify a rather lengthy proof (Section 4) of Theorem 3.1 we state several lemmas in Section 2. Finally, in Section 5 we discuss the region of values of A.
2. Some auxiliary lemmas. We start this section with the following lemma. LEMMA 2.1. Letf be any harmonic function on VR (for some R > 1 ) satisfying (1.2) . Thenf has a harmonic continuation across dU = { z : \z\ = 1} which is of the form
Conversely, each harmonic mapping on dU satisfying (2.1) has the property (1.2).
PROOF. Since/ is harmonic onV R ,f admits the representation
where
). This implies that . z z In the next Lemma we consider again harmonic mappings having the properties stated in Lemma 2.1. We give a necessary and sufficient condition in order that/ is orientationpreserving on an exterior neighbourhood of Û.
There is an exterior neighbourhood VR oft) such thatf is orientation-preserving on VR if and only if there exists a constant k
whenever xjj (e lt ) ^ 0.
PROOF. By Lemma 2.1. h G H(± < \z\ < R\) for some R { > 1. Therefore, the dilatation function
is meromorphic on { z : jf < \z\ < R\}. We may choose R\ so close to one such that the only possible zeros of I/J in { z : ^-< |z| < R\} are on dU. Furthermore, we have 2 d\z\ \z\ a(z) shows that \a(z)\ < 1 on V R , and Lemma 2.2 is proved.
• For the completeness we give a short proof of the following lemma. 
and the result follows.
• The next lemma gives the important relation of some auxiliary analytic function O to a given harmonic mapping/. LEMMA PROOF. Observe that O G tf(£ < \z\ < R) and that O is real on 3*7. Furthermore we have [7] . For completeness we give a short proof of it. LEMMA 2.5. Let F be analytic on A = {z : r\ < \z\ < ri\, 0 < r\ < rç, such that (2.18) 0< Re^-^< oo on A.
Let f(z) = h(z) -h(-) + 2Aln \ z \, A G C z be harmonic on {z : ^ < \z\ < R} and suppose that f is orientation-preserving on VR.

Put
z&(z) = zJ°\h\z)-e- 7ia W{\)\ zz 2 + \A\ n 1A , = ^[^(z) + A] -e~i a \-h'(\) +Â (2.14) U z z where ^(z) -zf z (z) -zh'(z)+A and a(z) = ip(j)/ ip(z).
Then the following statements are equivalent: (i) F is univalent on A;
(ii) ^$z\=p daigF= 1, for some p G(n,r 2 );
PROOF, (a) The fact (ii)^(iii) follows from the relation
(c) Going to prove (ii)=>(i), observe first that F and F' do not vanish on A. Indeed, if F has a zero of order m at zo G A, then, by (2.18), F 1 also has to have a zero of order m at Zo which is impossible. We conclude therefore that F is locally univalent on A and that
for all p G (n,r2). Furthermore, using (2.18) and (ii), we conclude that for each p G (n, r 2 ) F is univalent on {z : |z| = p} and that T p = {F(p lt ) : 0 < t < 2n} is a simple closed analytic and strictly starlike curve which winds once around the origin. Moreover, for each r\ < Pi < pi < f2 we have r pi Pi T P2 = 0. In fact, F is analytic and hence bounded on { z : P\ < | z| < pi) and the image of it has to be a domain. Therefore, F is univalent on { z : p\ < |z| < P2} • This holds for all r\ < p\ < P2 < 7*2 and hence F is univalent on A.
• We will close this section with the following lemma. (ii) ^if z |=i dargF= 1. 77ief2 f/zere ejnsta a« 7?i > 1 swc/i r7i£tf F /s univalent on {z:^<\z\<^}.
PROOF. The fact that ^ G R \ { 0} on 3f/ and that
implies that there is a k > 0 such that y^-= Re y& > k > 0 and is finite on dU. Hence, there is an R\ > 1 such that F is analytic and 0 < Re ~^-< ooon {z : Y < \z\ < R\}. Applying Lemma 2.5, we conclude that Fis univalent on {z :
£<N<*i}- 3 . A characterization theorem. 
Then there exists an exterior neighbourhood VR of Û such thatf is univalent and positively oriented on VR and lim^^j f(z) = 0, if and only if the following conditions are
z-V f
satisfied: (a) h and g admit an analytic continuation across dU such that h(\) --g(z)for all z, )i < \z\ < R; (b) if) has at most one zero ondU which is of order one; (c) there exists an exterior neighbourhood V^ of Û and a constant k >
0 such that zib'iz) (3.1) oo > Re ^-^ >k>0onV*,
V>(z) ~ and (3.2) -f dzrg^j = I for all p G (1,^).
2TT J\Z\=P
Let us give some remarks about this Theorem.
REMARK 3.1. The statement (c) says that xjj(z) = zf z (z) maps {z : |z| = r}, 1 < r < R, univalently onto an analytic strictly starlike Jordan curve with respect to the origin.
For r -1, xpidU) is still an analytic curve, but it may pass through the origin as the following example shows: the mapping
is univalent, harmonic and orientation-preserving onC\U and 1/; (z) = \+z vanishes at z = -1. Observe that this zero is of order one. Since the zeros of -0 are of order one, we get A arg(z^ 'X^JO -0. Therefore TV = 0 or 1.
Together with Remarks 4 and 5, Theorem 3.1 can be restated as follows. Recall that/ z ^ 0 on VR and, since/ is orientation-preserving, we have
H(VR) and |fl(z)| K h
Ze VR ' Therefore, we get for p G (1,/?) 
Evidently,/ is harmonic on { z : A < \z\ < R} and/(z) = 0 on dU.
First, we observe that/ is orientation preserving on an exterior neighbourhood of 0. This follows from the fact that Re ^0p > k > 0 for all t for which ^{e lt ) ^ 0 and from Lemma 2.2. Call this exterior neighbourhood V Rl ,R\ G (1, R). Next, we will show that/ is univalent on V R for some R G (l,R\). Indeed, since by (2.14) zO'(z) = e ia i;(z)(l-a(z)e2ia ), the condition (3.2) implies that for all p G (l,/?i) Denote by Eh the set of all A G C for which/ is univalent and positively oriented on VR for some R > 1 (which may depend on A). Evidently Eh can be empty as the example h(z) = z+ {^z 2 or h(z) = z 2 shows. We have the following result. 
